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Energy Spectrum of Excitations in the
Proca—Chern—Simons System
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We quantize the Proca—Chern—Simons system via the path-integral approach and
diagonalize the Hamiltonian by canonical transformations. We find that the mass
spectrum of the system is equivalent to a system of two free scalar fields; the
statistical partition function, which does not exhibit any exotic properties, is also
evaluated from the diagonalized Hamiltonian.

1. INTRODUCTION

Physical systems confined to spacetimes of less than four dimensions
show a variety of interesting properties. A well-known case is the Chern—
Simons theory, which has become the focus of widespread research in (2 +
1)-dimensional field theories (Deser et al., 1982) and quantum mechanics
(Dunne et al., 1990; Baxter, 1995). One reason is that Chern—Simons theories
may play a possible role in understanding (2 + 1)-dimensional physical
phenomena such as the Hall effect and high-7. superconductivity. Another
reason is that they possess special topological structures which are only
available in odd-dimensional spacetimes. It is generally supposed and even
justified in some special cases that Chern—Simons models may possess frac-
tional angular momentum and anyonic statistics (Semenoff, 1988; Bowick
et al., 1986; for review see Forte 1992). Yet, In the Maxwell-Chern—Simons
system (Deser et al., 1982; Feng and Qiu, 1995; Banerjee and Chakraborty,
1994) and Chern—Simons quantum mechanical system (Dunne ef al., 1990;
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Niemi and Sreedhar, 1994) the statistics is in fact bosonic rather than anyonic.
So all Chern—Simons systems are not of fractional statistics.

In this paper, with the help of the standard approach for constrained
systems, we quantize the Proca—Chern—Simons system via a path-integral
approach. We find that the model considered can be reduced to a model of
two free scalar fields whose statistical partition function can be readily
obtained. The paper is arranged as follows. In Section 2, we quantize the
system in the path-integral formulation. In Section 3, we diagonalize the
Hamiltonian and calculate the statistical partition function. Section 4 contains
some final remarks.

2. QUANTIZATION OF THE PROCA-CHERN-SIMONS MODEL
The Lagrangian of the Proca—Chern—Simons model is

1 1
&= = FRFu S mA Ay + *j B FyAp (1)

where Fuy = Oudy — OvAu. We use the signature M,y = diag(l, —1, —1).
The Euler-Lagrangian equations are

L

OuF™ + £ “PFyg + m?4" =0 2)

In the Hamiltonian description, the canonical momenta are (i = 1, 2)

n‘):%:O, nf'=%=F"°+}2is"fAj (3)

The fundamental Poisson brackets are
{nu(x)o AV(.V)}»\‘(): Yo = _SH VS(X - Y) (4)
and the canonical Hamiltonian is
. 1 . .
H.=mnld, - L =—"7n'm + H e’ A;
2 2
Lz i l 2 4 l ij

— }ZL SUF,-]-A() + T'0; Ao (5)
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According to the standard quantization scheme (Gitman and Tyutin, 1990;
Dirac, 1964), we have a primary constraint from equation (3)

€ =n"~0 (6)
The total Hamiltonian is then
Hr = J d*x (¥. + Mx)€1) (7)
where A(x) is the Lagrangian multiplier field. The consistent condition
{€1, Hr} = 0 ()
gives a secondary constraint
_ i K 2
(62—5,-7[24-48 Fij+m~ A =0 9)
The further consistent condition {6, Hr} ~ 0 determines A = —0; 4" and
leads to no new constraints. It can be checked that 6, 6, are second class
Aw = {€ux), (1)} vg=y0 = —Ewm 28(X -y (10)

Since detA,; is independent of the fields, we can write down the source-free
generating functional simply as

Z[0] = J@n” DAy 8(61) 8(62) expli J dx (T4 — H)] (1)

Because of the delta functionals &(6;) and 8(‘6,), the nondynamical degrees
of freedom can be eliminated

z[0] = Jszsz D 4; exp[ij dx (W4 — %) (12)
where
g = — L i 4w Wi g ’"—2+“—2 A+ L pop,
2 2 2 s T e
1 i ij
+ ﬁ (6,—7‘5 + }j sfF,-j)z (13)
or

1 . _ . i
U=~ WKy + w04l + 4,574 (14)
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where
0:0; 1
Kiy=my + ;T; 0y = 121 (s,-j to 6,—8,-)
2
5 =ed, SU=t (1 + -“—2) (V2 — mAn! + 09
2 4dm
Because of

[om', €'F)j] = 0 (15)

there is no operator ordering problem in ¢ when being quantized.
Integrating out the m’s, we have

Z[0] = J G A; expli J d*x Loyl (16)
where the effective Lagrangian L is
Loy = — i FUF; + *21 eV4:4; + % (m* + ph A4

- J @y LA = pead (1A = LA 0) = pead (1] (17)

where

i 1 i k'l ;
Y — ij —_— ikx 73
AV(x) (275)SJ (n + i+ mz) e™d'k (18)

is the inverse of Kj;. The effective Lagrangian can also be obtained as follows:
the v = 0 component of equation (2), which is not a motion equation, can
be used to eliminate the nondynamical field Ao,

s = J By (= V)7 (x— ) A — pel )y (19)

V? = —0,0". Substituting equation (19) into the original Lagrangian
equation (1), one can reach the effective Lagrangian.

3. DIAGONALIZATION OF THE HAMILTONIAN AND THE
STATISTICS

The Hamiltonian # is not easy to deal with since it is not diagonal.
Yet, it is quadratic, so can be diagonalized. We make, along the lines of
Dunne ez al. (1990) and Baxter (1995), the following transformations:
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A =0 A+ Bid, A= R’ + vii? (20)
! = ! + wid, = adi + Bads (21)

where o, Bi, W, Vi are operators whose Fourier components satisfy
ok) = a(—k), o= oy, Bi, Wi, Vi (22)

In the following, we often use the same notation to represent an operator or
its Fourier transform and this will not lead to any misunderstanding. It is
required that the transformations (20) and (21) are canonical, so

{'(x), 4i(»)}0=0 = —58(x —y) (23)

so o, Bi, Wi, Vi should satisfy the following conditions:
pnaoy + vy =1 oLy + Bavi = — 1 (24)
OLls + Bova =0 oup; + Bivi=0 (25)

Substituting equations (20) and (21) into equation (13), we can obtain
the Hamiltonian expressed in terms of the new fields. The requirement that
the crossing terms between the two sets of new fields (7', 4;) and (7% A1)
vanish implies that the following conditions should be satisfied:

—2Ki1V2 — P20V — V20npy + 2uviS? =0 (26)
—WoKBr — paQiiBi — P20 + 2BiSP i =0 27)
—V2K1200 — V201100 — 00nVi + 20082 v = 0 (28)
—0aKnfy — P20 — 02021B1 + 28" oy =0 (29)

Equations (24)—(29) can be solved easily. There are two sets of solutions:
Set (i):

1 1
= == = —-—__ 30
% 29}11 ’ *© 2}11 ’ Bl 29V1 ( )
1
B = — oy K= By, V2= — Bv, (3D
1
Set (ii):
1 1 1
= _— = _—-—— . 2
(051 29“1 s (05 2“1 ) Bl 29\/1 (3 )
1
B=—7—" K= — O, V2= Ov (33)
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W1, Vi remain arbitrary and @ = \/m? + p*/4. So we have

H =3 + H»
%, = 7! ( uz Kii — paQnpr + Hlszz) (34)
+ Ai(—paKin0 — p20nio — 0aQnpi + 2048 )i
~ 1 ~
+ A1(—5 (X%Kzz — 0oy + OL%S“ )A1 (35)
- 1 -
¥, = th(—z vi K — V2Q12v1 + vis )7‘52

+ Ay(—Vv2Ki2B2 — v2011B1 — B20aavi + 2B1S Pv)i? (36)
i _l 2 _ 2¢11 |y
+ 4 5 B3K»n — B20aPi + PiS' |42
9 and ¥, can be obtained from each other by the replacement p; <> v;, o

< B,. We further require that the coefficients of quadratic terms of Tt equal
unity; then Wi, vi should be chosen such that:

(i) .
1
},L% = (—E 0’°Ki — 00, + Szz) (37)
V%: ( ;ean +9Q12+S22) (38)
(i1)
1 1
},L%: ( 59 K1]+9Q12+S22) (39)
1 1
V% = ( EGK“ - 9Q12 + SZZ) (40)
Hence:
(1)
I I Q| 282 | om s
H=nm +A14H%( K» + ) A, + A ) + 0 (41)

12
¥, = PR’ + /le% ( —K» — QGA );12 + ;12(—2% + sz)ﬁfz (42)
T

~
<
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(i)

ka7 0

Chal2
%, = n'n' + 4 QA)/L + 4 25 + sz)ﬁl (43)

¥, = TR + A 0

L4 (28" .
L )Az + Az( S sz)nz (44)
It can be easily seen that the physics described by the two cases (i) and (ii)
are actually the same. So we consider only case (i) in the following.
Making the further canonical transformations

— 12 —
S T

—_o12 —
t=n —\/2( ”; +Qf)cp, A =20 (46)

we have finally the diagonalized Hamiltonians

2

=1 + i — V) (47)

2 =1 + gm — Vo (48)
where

mlze—*z% m=0+%5 (49)

The statistical partition function can be evaluated now. It can be given
by the path integral (Bernard, 1974; Bailin and Love, 1986)

FP)=Tre PH
N | 91y D7 Do DO
PBC

B
exp{J dt J d’x [imyd + ime( — %]} (50)
0
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where ¢ = 0¢/0t, and PBC means that 9¢ 9@ are carried out with periodic
boundary conditions. Since there are two momentum integrations, we have

%) = [N’(B)]zj

PBC

B
DO Do exp{‘%f dt J d’x [(6:0)*  (51)
0
+ 6,¢6,¢ + m%d)z + (ar(P)z + ar(Par(P + m%(pz]}
where
d’k

N'@) =-mp J oy (52)

Denote the statistical partition function for a free boson with mass m as
%m(B), from Bernard (1974) and Bailin and Love (1986)

d’ K
(2m)’

In %, (B) = { - *g- VK* + m* — In[1 — exp (53)

(= BVK* + mz)]}
Then
EB) = L (B)Eno(B) (54)

4. DISCUSSION

In this paper, we have quantized the Proca—Chern—Simons model as a
singular system and diagonalized the Hamiltonian. We showed that the mass
spectrum of excitations of the model is equivalent to a model of two free
scalar fields. Hence the model in fact does not possess any fractional statistics.
So it seems that only when the Chern—Simons vector field couples to some
other fields such as a complex scalar field can the system have fractional
statistics (Semenoff, 1988; Bowick et al. 1986; Forte, 1992; Feng and Qui,
1995; Banerjee and Chakraborty, 1994).
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